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SUMMARY

This article presents a wayanalysis, with the aim of finding an operator ofEvolution in
Quantum Mechanicsfor the Riemann Zeta Function and the NumbersPrimes, and
consequently other evolution operatorsThey can be found for different formulas and
equations. Basicallydo an analysis,with the intention ofattempts at analysis to
findConstruction of a Self-Adjoint Riemann Hamiltonian from the Evolution
Operatorsuitabilitythein MechanicsQuantum ofAccording to the Trivial Zeros of the Riemann
Hypothesis, Through analysis of the article, the need for an operator is demonstrated.evolution
to workThe Riemann Hypothesis and the Riemann Zeta function, one waythat could be
builtwith attempts at analysis with bothThe articles mentioned in this analysis are used to
advance the field of Mechanics.Quantum and Number Theory, focusing on prime numbers

and Euler's equation for prime numbers, asproposed and explained in the first article [1].
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INTRODUCTION
The Riemann zeta function is one of the most important functions in mathematical theory.It
belongs mainly to the fields of complex analysis and analytic number theory.The function is

represented by the Greek letter {.For a complex number s with real part greater than one, it is

defined by

(@)=Y .

n=1

In this expression, s may be written as s=o+it. The symbols ¢ and t represent real numbers.
The real part of s is denoted by Re(s)=c. The imaginary part is related to the value t. When s
is a real number greater than one, the defining series converges. For example, {(2) is the sum
of the reciprocals of the squares. This particular value is equal to n"2/6. The zeta function
was studied by several mathematicians before Riemann. However, Bernhard Riemann gave it
a deeper theoretical interpretation. In 1859, Riemann published a famous paper about prime
numbers. His work connected the zeta function with the distribution of primes. Prime
numbers are natural numbers greater than one with exactly two positive divisors. Examples of
prime numbers are 2,3,5,7, and 11. Every integer greater than one can be expressed as a
product of primes. This fact is known as the fundamental theorem of arithmetic. The zeta
function reflects this fundamental structure of the integers. Its connection with primes appears

in the Euler product formula. For Re(s)>1, this formula is

¢(s) = H 1#

__ m—S
p prime p

Each factor in this product corresponds to a different prime number. The Euler product shows
that the zeta function contains information about all primes. It also connects an infinite sum
with an infinite product. This connection is one of the most remarkable ideas in number
theory. The original series does not converge for every complex value of s. However, the
function can be extended by analytic continuation. Analytic continuation defines the zeta
function in almost the entire complex plane. The only pole of the extended function occurs at
s=1. This pole is simple, meaning that it has order one. Near s=1, the zeta function becomes

unbounded. The pole is related
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to the divergence of the harmonic series. The harmonic series is given by 1+1/2+1/3+1/4+---.
Although its terms become smaller, the harmonic series does not converge. The zeta

function has two different types of zeros. The first type is called the trivial zeros. These zeros
occur at the negative even integers. They are located at s=2,—4,—6,—8,.... The second type is
called the nontrivial zeros. The nontrivial zeros are located in a region called the critical
strip. The critical strip is defined by O0<Re(s)<1. The Riemann Hypothesis concerns the exact
location of these zeros. It states that every nontrivial zero has real part equal to one half.
In mathematical notation, the hypothesis can be expressed as Re(s)=21. Therefore, every
nontrivial zero should lie on the line s=21+it. This line is called the critical line. The
Riemann Hypothesis has never been proven or disproved. For this reason, it remains one of
the most famous open problems in mathematics. The hypothesis is important because the
zeros control the distribution of prime numbers. Although primes seem to appear
irregularly, they follow general statistical laws. The prime number theoremdescribes
the approximate distribution of primes. If n(x) represents the number of primes less than or

equal to x, then

&

w(z) ~ L
og T

The symbol ~ means that the ratio between both sides approaches one. The prime number
theorem gives the general behavior of prime distribution. The Riemann Hypothesis would
provide a much more accurate estimate. It would limit the possible error in approximations
involving the function n(x). Consequently, the hypothesis would improve our understanding
of prime numbers. The zeta function also satisfies an important functional equation. This
relates equations the value at s to the value at 1—s. It creates a symmetry around the critical
line. The functional equation also explains the occurrence of the trivial zeros. It shows that
the zeta function has a highly organized structure. The nontrivial zeros have additional
symmetries in the complex plane. If a zero is represented by p, its complex conjugate is also a

zero. The transformation s—1—s creates another important relationship.

These symmetries make the critical strip particularly significant. Many nontrivial zeros have
been calculated through numerical methods. The zeros that have been tested so far appear to
lie on the critical line. However, numerical evidence cannot establish a result for

infinitely many zeros. A mathematical proof must apply to every nontrivial zero.
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This requirement makes the problem extremely difficult. Several important partial results
have already been established. Mathematicians have proven that infinitely many zeros lie
on the critical line. They have also shown that a positive proportion of zeros lie there.
However, these results do not prove that all nontrivial zeros are on the line. The Riemann
Hypothesis is one of the Millennium Prize Problems. These problems were selected because
of their exceptional importance and difficulty. A correct proof or disproof of the hypothesis
would be a major achievement. The problem has influenced many areas of modern
mathematics. These areas include complex analysis, algebra, probability, and mathematical
physics. The zeros of the zeta function have also been compared with random matrix
models. Such comparisons reveal unexpected patterns in their distribution. These patterns
suggest that the zeta function possesses a deep hidden order. The study of the zeta function is
not limited to pure theory.

Its ideas are connected with algorithms and computational number theory. Prime numbers are
also important in modern cryptographic systems. However, the Riemann Hypothesis itself is
primarily a theoretical problem. Its importance comes from the relationship between complex
numbers and prime numbers. A proof would lead to stronger results about many arithmetic
functions. A disproof would reveal unexpected irregularities in the distribution of
primes.Both possibilities would significantly change mathematical knowledge. For this
reason, researchers continue to investigate the problem. The Riemann zeta function is simple
to define but difficult to understand completely. Its series, product, zeros, and functional
equation reveal different aspects of its nature. The Riemann Hypothesis summarizes one of
the deepest questions about its zeros. It asks whether the apparent order observed numerically
continues forever. The answer remains unknown despite extensive research. Thus, the zeta
function represents a bridge between analysis and number theory. Its study demonstrates how
abstract formulas can describe the behavior of prime numbers. The Riemann Hypothesis
continues to inspire mathematicians throughout the world. Therefore, the zeta function and its
hypothesis remain central subjects in modern mathematics.

The evolution of operators is a fundamental concept in quantum mechanics. It describes how
physical observables change as a quantum system develops in time. In quantum theory,
observables are represented by mathematical operators. Examples of observables include
position, momentum, energy, and angular momentum. The time evolution of a quantum
system can be described in different representations. The two most common representations
are the Schrodinger picture and the Heisenberg picture. In the  Schrodinger  picture,

quantum states evolve with time.
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The operators representing observables are generally kept fixed, except for explicit time
dependence.

The evolution of a state is governed by the Schrédinger
equation. This equation is one of the central principles of nonrelativistic quantum

mechanics. For a state vector [y(t)), the equation is
d
ih— [¥(2)) = H[p(t)).

In this expression, H is the Hamiltonian operator. The Hamiltonian represents the total
energy of the quantum system. The symbol # denotes the reduced Planck constant.
If the

Hamiltonian does not depend explicitly on time, the evolution operator is
U(t) == e—th ﬁ.

The state at time t can then be written as

The operator U(t) must be unitary.Unitarity guarantees that the total probability remains
equal to one. It also preserves the inner products between quantum states. Therefore, unitary
evolution 1s essential for the consistency of quantum mechanics. In the Heisenberg picture,
the situation is described differently. The state vectors are considered constant in time. The
operators, however, carry the time dependence of the physical quantities. An operator in the

Heisenberg picture is defined by

Agp(t) = UM (t)AsU(2).

Here, AS represents the corresponding Schrédinger-picture operator. The symbol Uf(t)
denotes the adjoint of the evolution operator. Because U(t) is unitary, Uf(t)U(t)=I. This

transformation preserves the measurable predictions of the theory. The Heisenberg equation
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of motion gives the time evolution of an operator. For an operator A, it is written as

dAy i (04
&~ pihAnl (m)H'

The symbol [H,AH] denotes the commutator of the Hamiltonian and the operator. The
commutator is defined by [H,AH]|=HAH—AHH. The final term represents any explicit time
dependence of the operator itself. If the operator has no explicit time dependence, that term is

zero. The equation then becomes

dAy 1.
—— = —|H,Ap]|.

This formula is the quantum-mechanical analogue of a classical equation of motion. In
classical mechanics, observables evolve according to Poisson brackets. In quantum
mechanics, commutators replace Poisson brackets. This replacement reflects the
noncommutative nature of quantum observables. Position and momentum provide the most

important example of noncommutativity. Their fundamental commutation relation is

[z, p] = ih.
This relation is connected to the Heisenberg uncertainty principle. It shows that position and
momentum cannot be simultaneously measured with unlimited precision. The time evolution

of position depends on its commutator with the Hamiltonian. For a nonrelativistic particle,

the Hamiltonian can be written as

H = -Pi:~V(x).

" 2m

In this expression, m is the particle's mass. The function V(x) represents the potential energy.

Using the Heisenberg equation, the position operator satisfies
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drt p

E N 'm.'

This result resembles the classical relation between velocity and momentum. The momentum

operator satisfies

dp _ 9V
dt 8z’

This equation also has a direct classical analogue. Together, these equations show how
classical mechanics emerge from quantum theory. However, the operators in quantum
mechanics generally do not commute. Their noncommutativity produces effects that have no
classical equivalent. The expectation value of an operator represents the average result of

many measurements. In the Schrédinger picture, the expectation value is written as

(4)

(¥(t)|Al¥(2)).

In the Heisenberg picture, the state is fixed while the operator evolves. The expectation value

1s then written as
(4) = (¥(0)|Ax(t)|¥(0)).

Both expressions give exactly the same physical predictions. This equivalence demonstrates
that the two pictures are mathematically consistent. The choice between them is often based
on convenience. The Schrodinger picture is useful when the state's evolution is easier to
calculate. The Heisenberg picture is useful when the behavior of observables is the main
concern. For systems with time-dependent Hamiltonians, evolution requires a time-ordered

exponential. The general evolution operator can be written as
1 t
Ul(t,ty) = T exp [_E / H(t") dt'] :
Vi
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The symbol T indicates time ordering. Time ordering is necessary because Hamiltonians at
different times may not commute. If [H(t1),H(t2)]=0, the expression becomes simpler. In that
case, the time-ordering symbol may be omitted. Operator evolution is also important for
conserved quantities. An operator is conserved when its total time derivative is zero. For an
operator with no explicit time dependence, this requires [H,A]=0. When this commutator
vanishes, the observable remains constant in time. Energy is conserved when the Hamiltonian
has no explicit time dependence. Angular momentum may also be conserved when the
system has rotational symmetry. Conservation laws are  closely related to
symmetries in quantum mechanics. This relationship is expressed through the quantum
version of Noether's theorem. Operator evolution can also describe transformations generated
by momentum. Momentum generates spatial translations, while the Hamiltonian generates

time translations. The unitary operator for a spatial translation is commonly written as

T(a) = e /B,

The Hamiltonian generates temporal translations through the operator U(t). Thus, quantum
evolution is represented by continuous unitary transformations. These transformations
preserve probabilities and the structure of the Hilbert space. Operator evolution is
essential in quantum optics, atomic physics, and field theory. It is also used to analyze
harmonic oscillators and spin systems. For a harmonic oscillator, creation and annihilation
operators evolve with characteristic phases. Their evolution helps explain quantized
energy levels. In quantum field theory, fields themselves are treated as time-dependent
operators. Their commutation relations determine the causal and dynamical structure of the
theory. Therefore, operator evolution is more than a formal mathematical procedure. It
provides a complete language for describing changing physical observables. It
connects quantum dynamics with measurement, symmetry, and conservation. The
Heisenberg equation shows how commutators control temporal change. The
Schrédinger equation shows how states change under the Hamiltonian.

Although the twodescriptions look different, they produce identical experimental results.
This equivalence is one of the strengths of the mathematical framework. Operator

evolution also clarifies the difference
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between states and observables. States describe the preparation of a system, while
operators represent possible measurements. Their relationship determines the
probabilities of different outcomes. As a result, operator evolution is central to the
interpretation of quantum theory. It explains how physical information changes without
violating probability conservation. It also reveals the deep difference between classical and
quantum dynamics. In classical mechanics, observables are usually ordinary functions
of position and momentum. In quantum mechanics, they are operators acting on vectors in
a Hilbert space. Their algebraic properties determine the possible behavior of the system.
The commutator provides information about incompatibility between measurements. The
Hamiltonian determines how these operators evolve through time. Therefore, understanding
the Hamiltonian is essential for analyzing quantum dynamics. Operator evolution can be
solved exactly for only certain important systems. For more complex systems,
approximation methods and numerical techniques are used. Perturbation theory is
one method for studying small corrections to a known Hamiltonian. The interaction
picture combines features of the Schrodinger and Heisenberg pictures.

It is especially useful in perturbation theory and quantum field theory. In every
representation, the physical predictions remain unchanged. This principle is known as the
representation independence of quantum mechanics. The evolution of operators therefore
expresses the same physics in a different mathematical form. It allows physicists to
select the most efficient description for a particular problem. The subject also provides a
foundation for quantum computation. Quantum gates are unitary operators that evolve
quantum states and observables. Their operation must preserve coherence and probability.
Understanding operator evolution is therefore important for quantum information
processing. It helps explain how quantum algorithms manipulate states and measurements.
The formalism is also important for open quantum systems and decoherence. In such
systems, interactions with the environment modify the simple unitary description.
Nevertheless, operator methods remain useful for describing the resulting dynamics. They
can be extended through density operators and master equations. These tools describe
statistical mixtures and interactions with external surroundings. Operator evolution is
consequently applicable to both isolated and realistic systems. In conclusion, operator
evolution is a central principle of quantum mechanics. It describes the temporal behavior of
observables through unitary transformations and commutators. The Heisenberg equation
provides its most direct mathematical expression. The Schrodinger and Heisenberg

pictures offer equivalent descriptions of quantum change. Together, they show how the
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Hamiltonian governs the development of physical systems. They also connect quantum
theory with symmetry, conservation, measurement, and computation. For these reasons,

operator evolution is essential for understanding the structure of modern physics.

DISCUSSION:
Based on thearticle [1] can bedeveloped mathematicallyby turning its outline into a coherent
derivation connecting:

. The quantum-mechanical evolution operator,

. The taylor expansion of the exponential,

. The riemann zeta function,

1
2
3
4. Euler's product over primes,
5. The zeros of (\zeta(s)\),

6

. And the speculative connection with quantum-mechanical spectra.

Thearticle [1]itself explicitly presents the article as an initial outline for a future analysis
rather than a completed proof.
Evolution operator

For a quantum system with a time-independent Hamiltonian \(H\), the Schrodinger equation is
1210 ,
ih= (1)) = HJ(t))-

Its formal solution is
1¥(t)) = U(t, to)|¥(t0)),

where

Ult,t;) = exp !—%H(t . tﬂ)] .

This gives a precise mathematical interpretation to the article's proposed use of a Taylor
expansion. Time-dependent Hamiltonian

The article also considers \(H(t)\). In that case, one cannot generally write simply

U(t,to) = exp [—; / H(T)df]

www.ijarp.com
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because, in general

[H(t,), H(t:)] # 0.

This noncommutativity is explicitly recognized in the article [1]. The correct formal

expression is the time-ordered exponential:

U(t, to) = T exp [_% [ H(T)JT] .

Its expansion is the Dyson series:

.t
Ult, o) :I—%/ H(t) dt,
A

1

— dtl/ dtoH(t)H(ty) + - - -

This is an important mathematical development of the operator argument in the article.
Riemann zeta function

The Riemann zeta function is initially defined, for by the Dirichlet series

Re(s) > 1,

For example,

‘g(s)=2nis.

1 1 1 =

:1

The article [1] describes \(\zeta(s)\) as a complex function and emphasizes its connection

with prime-number distribution.
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Euler product

The most important mathematical step in the article is Euler's identity

¢(s) = H 1_;1)_3., Re(s) > 1.

prime

The article [1] explains that this follows from the geometric series and the fundamental

theorem of arithmetic.

For each prime,

1
:1+p—3+p—23+p—33+___
1—ps

Multiplying over all primes gives

108 e
P

very positive integer has a unique prime factorization,

Y i | 1 (258
1 _pllp22 . _pk.'..

Consequently, every \(n"{-s}\) occurs exactly once:

Iy =3
n=1

p k=0

Hence,

¢ =]Ja-p)"

P

This is the rigorous mathematical bridge between the zeta function and prime numbers.
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Taking the logarithm
We can develop the article further by taking logarithms:

log ((s) = — ) log(1—p~*).

Using
0k
—lﬂg{l—i‘):Z?, |$| <1,
k=1
we obtain
= 1
0E¢(5) = 03" 1o
pr k=1
Differentiating,
¢'(s) _ — logp
(o= 2w
Therefore,

('(s) _ x~x=logp
(s _XP:Z pke

The right-hand side can be written using the von Mangoldt function:

C(s) _ g Aln)
) T e

n=1
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This equation makes the connection between the analytical structure of \(\zeta(s)\) and

prime numbers much more explicit.

The Riemann zeros
The article then moves toward the central question concerning the zeros of \(\zeta(s)\). It

states the Riemann hypothesis as for every nontrivial zero.

Re(s) =

1
a

Writing
5 =0 +1t,

the conjecture says

(e =0

For every nontrivial zero. Thus the zeros have the form

1
8 = 5 T Yn,

2

where \(\gamma _n)) is real.

The article's proposed physical interpretation becomes interesting at this point.

Possible quantum interpretation

Thearticle [1]discusses a possible connection between the nontrivial zeros and quantum
systems, but it correctly describes this asspeculative and unproven, rather than an established
result. In particular, it distinguishes this idea from the ordinary hydrogen atom. zeta riemman
quantum ijarp

The proposed mathematical structure can be represented schematically as

www.ijarp.com
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Riemann zeros «+— eigenvalues of an operator.

Suppose there were a self-adjoint operator \(H_R)) satisfying

HRT.I'{JR — ']'fnwn*

Then the nontrivial zeros could be written as

Sn =

o | =t

where

Eﬁ, — Tn-

This is the basic mathematical idea associated with the Hilbert—Pdlya approach.

If such an operator existed, one could formally construct a quantum evolution operator

Ug(t) = %=

Using the spectral equation,

HR"]"{Jﬂ = Eﬂ'ﬂbna

we obtain

UH(t}wn = E_iEI‘t + T

Thus

P - L
Z€10 5 +iE, — quantum phase e ‘&,

This is a mathematically meaningful way to develop the article's proposed relationship

between the evolution operator and the zeta zeros, while keeping clear that the existence of
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the required physical operator hasnot been established.

Important distinction: hydrogen atom

The article itself makes an important clarification:

Riemann zeros # ordinary hydrogen energy levels.

The hydrogen atom has energy levels described by the Schrodinger equation and, in the

nonrelativistic model,

13.6 eV
Tt
The zeta zeros instead have the structure
1 ;
B — T e
T 2 F}Iﬂ.
Therefore, one shouldnotidentify
Fn
directly with the hydrogen energy
13.6
— —2 E“-‘r .
T

Thearticle [1]explicitly states that there is no direct one-to-one correspondence between the

zeros of the zeta function and the standard hydrogen spectrum.

A stronger mathematical formulation of the article The central research program can therefore

be formulated as

¢(s) = {m} = Hr = Ur(t)

www.ijarp.com p
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with

) -

followed hypothetically by

HR'ﬂlbn = '}’n"ﬁbng

and finally

UR (t) i E—z’H,:,-t_.-“ﬁ..
The conceptual chain would be Prime numbers \rightarrow \zeta(s) \rightarrow nontrivial

zeros \rightarrow spectral parameters \ rightarrow operator \rightarrow quantum evolution

This is part of thearticlethat can be developed into a genuine mathematical research problem.
Thearticle [1]itself presents the connection as a proposed direction for future analysis rather

than a completed derivation.

What would constitute a real solution?
To turn the article's proposal into a rigorous result, one would need to construct an explicit

self-adjoint operator \(H_R)\) such that

SPEC(HR) =3 {FT'I:TE-.-TE: . +}:

where
¢ (% | i’rn) =0.

Hp=HL

Then one would need to prove

and establish that its spectrum corresponds precisely to the imaginary parts of the nontrivial

Z€ros.
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That would provide a much stronger mathematical foundation for the article's proposed
relation betweenRiemann zeta, quantum mechanics, and an evolution operator.

In short:thearticle [1]contains the ingredients of a research framework, but it does not itself
prove a new relation between the Riemann hypothesis and the quantum Hamiltonian. The
mathematically rigorous development is to derive the evolution-operator expansion, Euler
product, logarithmic derivative, zero structure, and then formulate precisely what operator
would have to exist for the proposed quantum interpretation to work.

The operator looking for isnot known explicitlyThe natural candidate is aself-adjoint
(Hermitian) operator whose eigenvalues are the imaginary parts of the nontrivial zeros of the
Riemann zeta function. This is the central idea of theHilbert—Polya program. The Clay
Mathematics Institute describes this as the possibility that the zeros correspond to eigenvalues

of a self-adjoint operator.

Foritarticle,would formulate the target operator as

HHIPH = Tni_"-llf’n

SPEC(H—R} = {?-11,-};2? Y3, .. }

where

and \(H_R=H_ R™dagger\)

Then its spectrum would be

Why this operator matters If \(H_R\)\(\gamma n\)

: :
8p = E + 1n
automatically lies on
1
Rels)=.—.
(5) =3
www.ijarp.com p \
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Only,if one could construct such an operator and prove that its entire spectrum is exactly the
set of nontrivial zeta-zero coordinates, this would give a route to the Riemann hypothesis.

The hypothesis itself remains unsolved.

Connection with your article's evolution operator
This fits very naturally with the evolution-operator ideaarticle [1]. The article discusses the
quantum evolution operator and its exponential form.

Take

UH(tJ — E—iHEt;"ﬁ._

For an eigenstate \(\psi_n\)

HR'ﬂbn = Tﬂﬂbn:

only

Un(t)n = e/,

Thus the proposed chain becomes

2

q (1 + ?:T“) =0 = HgrYp=7mm. = Ug [t) = g Hat/R,

But what should \(H_R\)
That is the difficult part. There is currently no accepted explicit operator \(H_R))

For your article, therefore, I wouldnotwrite

Hp = px
or
d
Hp = —ihz—
R 1nr d:l?
www.ijarp.com p \
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and claim that this solves the problem. Those are candidates appearing in the literature, not
established solutions.
A more rigorous title for the proposed development would be:

Construction of a Self-Adjoint Riemann Hamiltonian from the Evolution Operator

with the research objective

Construct Hp = H, such that Spec(Hpz) = {7.}.

That is the precise mathematical problemarticle [1]is pointing toward.

CONCLUSION

Therefore, this analysis concludes that, through attempts at analysis in number theory or
computational theory, a suitable evolution operator can be found in the proposal of the article,
in this case and in [1].The present analysisVisaThis facilitates attempts at analysis to
consolidate a suitable outcome in solving the problem in Quantum Mechanics, using an
approach based on the Hamiltonian, the Evolution Operator, the Riemann Zeta Function, the
Euler Function, and Prime Numbers, in order to seek a plausible solution to the
aforementioned problem. Consequently, the approach to the problem in question becomes
simpler, allowing for mathematical and computational progress in Quantum Mechanics and
Number Theory.As verifiedIn theory, the work of mathematical expansions and the theory of
prime numbers contributes to the development of mathematical solutions and mathematical

problems.Construction of a Self-Adjoint Riemann Hamiltonian from the Evolution Operator.
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